
A Prismatic Perspective on Hodge-de Rham
Degeneration

May 16, 2023

A Prismatic Perspective on Hodge-de Rham Degeneration



Classical Hodge Theory

Let X be a smooth projective variety over C.

Theorem (Hodge)

Every cohomology class α ∈ H∗(X ,C) admits a unique
representation by a harmonic differential form.

Corollary

Hn(X ,C) '
⊕
i+j=n

Hi (X ,Ωj
X ).

Question

What happens over other fields?
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Algebraic de Rham Theory

Let X be a smooth projective variety over any field k .

Definition (Grothendieck, 1966)

HdR(X ) := H∗(X ,Ω0
X

d−→ Ω1
X

d−→ Ω2
X → · · · ).

This is controlled by a Hodge-de Rham spectral sequence

Hi (X ,Ωj
X )⇒ Hi+j

dR (X ).

If k = C, one can use Hodge theory to show that this spectral
sequence degenerates.

Question

What happens over other fields?
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Closed Forms

For each j ≥ 0, exterior differentiation gives a map of sheaves

Ωj
X → Ωj+1

X ω 7→ dω.

The induced map Hi (X ,Ωj
X )→ Hi (X ,Ωj+1) is the first differential

in the Hodge-de Rham spectral sequence.

Corollary

If k = C, the map Hi (X ,Ωj
X )→ Hi (X ,Ωj+1) is zero.

Corollary

If k = C, every (globally defined) algebraic differential form on X
is closed.
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Characteristic p

Over fields of positive characteristic, this is not necessarily true!

Theorem (Mumford, 1961)

In characteristic p, there are algebraic surfaces X with (globally
defined) 1-forms which are not closed.

For such a surface, the Hodge-de Rham spectral sequence
Hi (X ,Ωj

X )⇒ Hi+j
dR (X ) does not degenerate.
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Characteristic Zero

Let X be a smooth projective variety over a field k of characteristic
zero.

Theorem

The Hodge-de Rham spectral sequence Hi (X ,Ωj
X )⇒ Hi+j

dR (X )
degenerates.

This was originally established by transcendental arguments (by
the “Lefschetz principle”, one can assume k = C and use harmonic
differential forms).

In 1987, Deligne-Illusie found an algebraic proof, using
characteristic p methods.
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Reduction to Positive Characteristic

Let X0 be a smooth projective variety over a field k of
characteristic zero.

X0 is defined over a finitely generated subring A ⊂ k .

X0

��

// X

��
Spec(k) // Spec(A)

If the Hodge-de Rham spectral sequence does not degenerate for
X0, then it does not degenerate for Xs for all s belonging to a
dense open U ⊆ Spec(A).

The scheme U has many points s such that κ(s) is a finite field!
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The Work of Deligne-Illusie

Let X be a smooth projective variety over a perfect field k of
characteristic p > 0.

Theorem (Deligne-Illusie, 1987)

Assume that:

(a) dim(X ) ≤ p.

(b) X lifts to a W2(k)-scheme.

Then the Hodge-de Rham spectral sequence of X degenerates.

In the previous slide, condition (b) is satisfied at every closed
point, and condition (a) is satisfied at “most” of them.

Corollary

In characteristic zero, the Hodge-de Rham spectral sequence
degenerates.
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The Hypotheses of Deligne-Illusie

Deligne-Illusie prove degeneration assuming:

(a) dim(X ) ≤ p.

(b) X lifts to a W2(k)-scheme.

Theorem (Mumford, 1961)

Hypothesis (b) cannot be omitted.

Theorem (Petrov, 2023)

Hypothesis (a) also cannot be omitted.
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A Weaker Statement

Let k be a perfect field of characteristic p > 0, and let X be a
smooth projective scheme over W (k).

Theorem (Weak Deligne-Illusie)

If dim(X/W (k)) < p, then the Hodge-de Rham spectral sequence
degenerates for the special fiber

X0 := Spec(k)×Spec(W (k)) X .

This is also sufficient to prove Hodge-de Rham degeneration in
characteristic zero.

Goal: sketch a “prismatic” proof of this result, based on joint work
with Bhargav Bhatt (and discovered independently by Drinfeld).
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The Diffracted Hodge Complex

Let X be a smooth W (k)-scheme with special fiber X0.

Theorem (Bhatt-L)

There exists a complex Ω
/D
X ∈ DCoh(X ) with the following features:

Ω
/D
X is a commutative algebra in DCoh(X ).

Each cohomology sheaf Hd(Ω
/D
X ) is Ωd

X .

There is a quasi-isomorphism

(Ω
/D
X )|X0 ' ϕ∗(Ω0

X0

d−→ Ω1
X0

d−→ Ω2
X0

d−→ · · · ).

Ω
/D
X has an endomorphism Θ which acts by −d on Hd(Ω

/D
X ).
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Proof of Degeneration

Rationally, Ω
/D
X splits into eigenspaces of Θ.

Ω
/D
X [1/p] '

⊕
i

Ωi
X [1/p][−i ]

If dim(X/W (k)) < p, then we even get an integral splitting:

Ω
/D
X '

⊕
i

Ωi
X [−i ]

Reducing modulo p and passing to cohomology, this gives a
(Frobenius-semilinear) isomorphism

Hn
dR(X0) '

⊕
i+j=n

Hj(X0,Ω
i
X0

).

When X is projective, this implies the degeneration of the
Hodge-de Rham spectral sequence (by dimension counting).
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The Sen Operator

Let C be a completed algebraic closure of K = W (k)[1/p].

Theorem

For X smooth and projective over W (k), there is an isomorphism

H∗ét(XC ,C ) ' H∗(X ,Ω
/D
X )⊗W (k) C

This is Galois-equivariant if G = Gal(W (k)[1/p]) acts on H∗(Ω
/D
X )

by the formula

(g ∈ G ) 7→ χ(g)Θ ≈ exp(log(χ(g)) ·Θ).

With the splitting of the last slide, this (essentially) recovers the
Hodge-Tate decomposition

Hn
ét(XC ,C ) '

⊕
i+j=n

Hj(XC ,Ω
i
XC

)(−i).

A Prismatic Perspective on Hodge-de Rham Degeneration



The Sen Operator

Let C be a completed algebraic closure of K = W (k)[1/p].

Theorem

For X smooth and projective over W (k), there is an isomorphism

H∗ét(XC ,C ) ' H∗(X ,Ω
/D
X )⊗W (k) C

This is Galois-equivariant if G = Gal(W (k)[1/p]) acts on H∗(Ω
/D
X )

by the formula

(g ∈ G ) 7→ χ(g)Θ ≈ exp(log(χ(g)) ·Θ).

With the splitting of the last slide, this (essentially) recovers the
Hodge-Tate decomposition

Hn
ét(XC ,C ) '

⊕
i+j=n

Hj(XC ,Ω
i
XC

)(−i).

A Prismatic Perspective on Hodge-de Rham Degeneration



The Sen Operator

Let C be a completed algebraic closure of K = W (k)[1/p].

Theorem

For X smooth and projective over W (k), there is an isomorphism

H∗ét(XC ,C ) ' H∗(X ,Ω
/D
X )⊗W (k) C

This is Galois-equivariant if G = Gal(W (k)[1/p]) acts on H∗(Ω
/D
X )

by the formula

(g ∈ G ) 7→ χ(g)Θ ≈ exp(log(χ(g)) ·Θ).

With the splitting of the last slide, this (essentially) recovers the
Hodge-Tate decomposition

Hn
ét(XC ,C ) '

⊕
i+j=n

Hj(XC ,Ω
i
XC

)(−i).

A Prismatic Perspective on Hodge-de Rham Degeneration



The Sen Operator

Let C be a completed algebraic closure of K = W (k)[1/p].

Theorem

For X smooth and projective over W (k), there is an isomorphism

H∗ét(XC ,C ) ' H∗(X ,Ω
/D
X )⊗W (k) C

This is Galois-equivariant if G = Gal(W (k)[1/p]) acts on H∗(Ω
/D
X )

by the formula

(g ∈ G ) 7→ χ(g)Θ ≈ exp(log(χ(g)) ·Θ).

With the splitting of the last slide, this (essentially) recovers the
Hodge-Tate decomposition

Hn
ét(XC ,C ) '

⊕
i+j=n

Hj(XC ,Ω
i
XC

)(−i).

A Prismatic Perspective on Hodge-de Rham Degeneration



The Sen Operator

Let C be a completed algebraic closure of K = W (k)[1/p].

Theorem

For X smooth and projective over W (k), there is an isomorphism

H∗ét(XC ,C ) ' H∗(X ,Ω
/D
X )⊗W (k) C

This is Galois-equivariant if G = Gal(W (k)[1/p]) acts on H∗(Ω
/D
X )

by the formula

(g ∈ G ) 7→ χ(g)Θ ≈ exp(log(χ(g)) ·Θ).

With the splitting of the last slide, this (essentially) recovers the
Hodge-Tate decomposition

Hn
ét(XC ,C ) '

⊕
i+j=n

Hj(XC ,Ω
i
XC

)(−i).

A Prismatic Perspective on Hodge-de Rham Degeneration



Construction of the Diffracted Hodge Complex

Our goal for the rest of this talk is to sketch the construction of

Ω
/D
X . For simplicity:

We will assume that k = Fp (so that X is smooth over Zp).

We will consider only the p-completion of Ω
/D
X (which we

denote by Ω̂
/D
X ).

We will replace X by its p-completion (a formal scheme over
Spf(Zp)).
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Digression: Prisms

Definition (Bhatt-Scholze)

A (torsion-free, orientable) prism is a pair (A, I ), where:

A is a torsion-free ring with a Frobenius lift ϕ : A→ A.

ϕ(a) ≡ ap (mod p)

I = (d) is a principal ideal where d is not a zero-divisor.

A is p-adically complete and I -adically complete.

ϕ(d) = dp + pu where u ∈ A is invertible.

Example

We can take A = Zp[[q − 1]] with ϕ(q) = qp, and
d = 1 + q + · · ·+ qp−1. This is the q-de Rham prism.
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Prismatic Cohomology

Fix a prism (A, I ).

Let X be formal scheme smooth over Spf(A/I ).

Bhatt and Scholze construct prismatic cohomology groups
H∗�(X/A).

These are the (hyper)cohomology groups of X with coefficients in
a certain complex of A-modules �X/A.

Extending scalars from A to A/I gives a coherent complex of
OY -modules �X/A.
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Example: the q-de Rham Complex

Consider the q-de Rham prism (Zp[[q − 1]], (1 + · · ·+ qp−1)).

Let X be smooth over Zp and set X ′ = X × Spf(Zp[ζp]).

qΩ∗X := �X ′/Zp [[q−1]] is called the q-de Rham complex of X .

It is a complex of Zp[[q − 1]]-modules on X .

Specializing to q = 1 gives the usual de Rham complex

(Ω0
X

d−→ Ω1
X → · · · ).
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The Diffracted Hodge Complex: Preliminary Approach

We can instead specialize q to a primitive pth root of unity.

This gives a coherent complex

�X ′/Zp [[q−1]] := (qΩ∗X )⊗Zp [[q−1]] Zp[ζp]

It has an action of F×p (permuting roots of unity).

Construction

Ω̂
/D
X := (�X ′/Zp [[q−1]])

F×p = (qΩ∗X )
F×p
q=ζp

.

Warning

From this perspective, it is hard to see the Sen operator Θ!
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The Universal (Oriented) Prism

Let R 7→W (R) be the Witt vector functor.

This is (representable by) the affine scheme Spec(A0),
A0 = Z[a0, a1, a2, · · · ].

A0 has a Frobenius lift satisfying ϕ(a0) = ap0 + pa1.

Set A := A0[a−1
1 ]∧(p,a0) and I = (a0).

(A, I ) is a prism.

It is universal among prisms with a specified generator of I .
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Geometry of the Universal (Oriented) Prism

Set Y = Spf(A/I ) = Spf(Z[a±1
1 , a2, a3, · · · ]∧p ).

Y (R) = {y ∈W (R) : y = V (u), u ∈W (R)×}.

This carries a transitive action of the affine group scheme W× (by
multiplication). The action is not free: the equation

V (u) · u′ = V (u · F (u′)),

means that Y is stabilized by the subgroup

W×[F ] := ker(F : W× →W×).
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The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y ,

which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Diffracted Hodge Complex: Refined Approach

Let X be smooth over Zp.

Then X ′ = X × Y is smooth over Y = Spf(A/I ).

Thus �X ′/A is a coherent complex E on X × Y , which is
equivariant for the (transitive) action of W× on Y .

This is equivalent to the datum of a coherent complex

Ω̂
/D
X ∈ DCoh(X ) with an action of the stabilizer group W×[F ].

This is the diffracted Hodge complex.

A Prismatic Perspective on Hodge-de Rham Degeneration



The Group Scheme W×[F ]

Over Spec(Zp), the projection W× � Gm induces a morphism of
affine group schemes W×[F ]→ Gm = Spec(Zp[t, t−1]).

This map is an isomorphism after inverting p.

In particular, it identifies the coordinate ring of W×[F ] with a
subalgebra of Qp[t, t−1].

Explicit calculation shows that this subalgebra is generated by t±1

and the divided powers (t−1)n

n! .

That is, W×[F ] = G]m is the divided power envelope of Gm along
its identity section.
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Representations of G]
m

Let X be a formal scheme and let E be a coherent complex on X .

An action of Gm on X determines a grading

E =
⊕
n∈Z
En .

The Lie algebra Lie(Gm) is a free module on the Euler vector field
Θ = t ∂∂t , which acts on En by multiplication by n.

If E only has an action of the group scheme G]m, then it does not
necessarily carry a grading.

Instead, we get the operator Θ (and essentially nothing else).

This is the Sen operator.
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Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



Closing Observation

The profinite group Z×p acts on Zp[[q − 1]] by the construction

(γ ∈ Z×p , f (q) ∈ Zp[[q − 1]]) 7→ f (qγ).

This induces an action of Z×p on the q-de Rham complex qΩ∗X and
its specialization (qΩ∗X )q=ζp .

Z×p ' F×p ×(1 + p Zp).

The action of the first factor is used to construct

Ω̂
/D
X := (qΩ∗X )

F×p
q=ζp

.

This still carries an action of (1 + p Zp).

A Prismatic Perspective on Hodge-de Rham Degeneration



The Upshot

Our first construction of Ω̂
/D
X comes with an action of the

(profinite) group 1 + p Zp = G]m(Zp).

Our second construction comes with an action of the group
scheme G]m itself. This is equivalent to the datum of the Sen
operator Θ.

The action of 1 + p Zp can be recovered from Θ. For p odd, the
topological generator 1 + p acts by

(1 + p)Θ :=
∑
i≥0

pi
(

Θ

i

)
= 1 + pΘ + p2 Θ2 −Θ

2
+ · · ·

The difference is essentially a factor of p. (But an important one!)
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